Large-angle fluctuations in the cosmic X-ray background are investigated by a new formalism with a simple model of the X-ray sources. Our method is formulated from the Boltzmann equation and a simple extension of the work by Lahav et al. to be applicable to a hyperbolic (open) universe. The low multipole fluctuations due to the source clustering are analysed in various cosmological models in both numerical and analytic ways. The fluctuations strongly depend on the X-ray source evolution model, as pointed out previously. It turns out that the nearby (z Շ 0:1) sources are the dominant contributors to the large-angle fluctuations. If these nearby sources are removed in an observed X-ray map, the dipole (low multipole) moment of the fluctuation drastically decreases. In this case the Compton-Getting effect of an observer's motion can be a dominant contribution to the dipole fluctuation. This feature of fluctuation, relating to the matter power spectrum, is discussed.
distribution is also introduced. In Section 3 we solve the Boltzmann equation and obtain the expression for the root mean square of multipole moments of the fluctuations. In Section 4 the fluctuations are analysed in various cosmological models. Section 5 is devoted to a summary and discussion. Throughout this paper we will use the units c ¼ ប ¼ k B ¼ 1; however, we occasionally use the Planck constant h P ð¼ 2បÞ to make clear the meaning of equations.
FORMALISM
The perturbation of the Friedmann-Robertson-Walker (FRW) space-time in the Newtonian gauge is written as
where W is the perturbed gravitational potential, F is the curvature perturbation, g ij is the three-metric on a space of constant negative curvature, and a is the scale factor, normalized to be unity at present. The scale factor a is given by the Friedmann equation, ȧ
where H 0 is the Hubble parameter with H 0 ¼ 100h km s ¹1 Mpc ¹1 , Q 0 is the density parameter, Q L ð¼ L=3H 2 0 Þ is defined by the cosmological constant L, and Q K ð¼ 1 ¹ Q 0 ¹ Q L Þ describes the spatial curvature of the universe. For the spatially flat models, Q K is equal to zero. In equation (2) the dot denotes h differentiation, where h is the conformal time defined by adh ¼ dt.
The propagation of photons is affected by the expansion and the metric perturbations. The Boltzmann equation in the perturbed FRW universe is derived in Appendix A. The explicit form is expressed as
where q is the photon energy in the locally orthonormal frame, and g i is the spatial vector normalized as g ij g i g j ¼ 1 in this frame. We now discuss the source term S on the right-hand side in equation (3). The X-ray sources may be discrete point sources. As we are interested in much larger scales, we can average the distribution of the X-ray sources over a certain region and regard the source function as a smoothed field with spatially varying emissivity. We write the comoving volume emissivity per frequency at the time h as j n ðh; xÞ and separate it into two parts as j n ðh; xÞ ¼j n ðhÞ þ dj n ðh; xÞ;
where the bar represents a spatially averaged quantity, and dj n is the spatially inhomogeneous part of j n . In this paper, we consider the cosmological models dominated by CDM. The emissivity may be changed due to the presence of inhomogeneity of the CDM. We expect that the value j n should increase as the CDM density fluctuation d c [¼ ðr c ¹r c Þ=r c ] becomes large. Therefore, the emissivity in the inhomogeneous universe is expressed as j n ðh; xÞ ¼j n ðhÞ
where b X is the bias factor to relate the large-scale distribution of the CDM with that of the X-ray sources. 1 In this paper we assumē
with EðzÞ ¼ ð1 þ zÞ p for redshift z min Յ z Յ z max , and EðzÞ ¼ 0 for other periods. Note that p is constant and p ¼ 0 is the case of no evolution of the X-ray sources. We also assume the power-law form of the energy spectrum, j 0 ðnÞ ϰ n ¹a with a ¼ 0:4. Here we set a to be the observed CXB spectral index in the 3-20 keV range (Comastri et al. 1995) ; however, a reasonable change in a will not affect our conclusions at a significant level. The photon number emitted during the proper time t ϳ t þ dt, in the frequency range n ϳ n þ dn, in the solid angle dQ, from the volume x ϳ x þ dx, is written as 2
where we assumed that this volume element has the peculiar velocity V X , and note that the Doppler effect is taken into account. From the definition of the source term S in the Boltzmann equation, the photon number emitted during t ϳ t þ dt, in the momentum range q ϳ q þ dq, from the volume x ϳ x þ dx, is Sgd 3 qa 3 d 3 xdt=h P 3 , where gð¼ 2Þ is the photon statistical weight. Using the relation qð¼ jqjÞ ¼ h P n, the photon number emitted during t ϳ t þ dt, in the frequency range n ϳ n þ dn, from the volume x ϳ x þ dx, in the solid angle dQ, is written as gSn 2 dndQa 3 d 3 xdt. Equating this expression and equation (7), we find 
¹ 1ÿ. As we describe in Section 4 and Appendix D, however, the nearby sources (z Շ 0:1) dominantly contribute to the large-angle fluctuations ðl Շ 10Þ. In this case the amplitude of large-angle fluctuations will roughly scale in proportion to b X ð0Þ unless b X ð0Þ becomes very large. 2 The fluctuation of the metric might have to be taken into account when formulating the source term. As we will see in the next section (also Lahav et al. 1997 ), however, the contribution from the metric fluctuations to the large-angle fluctuations in the CXB is small. Therefore we have omitted the metric fluctuations in the source term. where we used the relation h P ¼ 2 in our unit. The peculiar velocity of the X-ray sources V X does not necessarily agree with that of the CDM, V c . We introduce another bias factor b V , and we set
where V c is the CDM velocity field. We eventually get the source term as
S O L U T I O N O F T H E B O LT Z M A N N E Q UAT I O N
In order to solve the above Boltzmann equation (3), we use the linear perturbative expansion method with respect to the inhomogenities (such as metric perturbations). If the universe is completely homogeneous, the distribution function f ð0Þ and the source term S ð0Þ can be described by h and q. With the inhomogenity, they are modified as
with,
The Boltzmann equations of the zeroth and first order are given by
and
Note that when neglecting the metric perturbations, equations (14) and (15) 
where f ð0Þ and f ð1Þ must be regarded as the functions f ð0Þ ðh; QÞ and f ð1Þ ðh; x i ; Q; g i Þ, respectively. Let us first consider the zeroth order equation (16), which is formally integrated as
where we used S ð0Þ ðQ=aÞ ¼ ð=gQ 3 Þj Q=h P a ðhÞ, and defined a 0 ¼ aðh 0 Þ. Since we have assumed the power-law form,j n ðhÞ ¼ j 0 ðnÞð1 þ zÞ p , for z min Յ z Յ z max (see equation 6), the specific intensity, I ð0Þ n ¼ gh P n 3 f ð0Þ (e.g., Shu 1991) is written as
where we used the relation between the conformal time and the redshift (2). We next consider equation (17). It is convenient to introduce a new variable ⌰ðh;
where we used the general relation I n ¼ gh P n 3 f for the second equality. By using ⌰ðh; x i ; Q; g i Þ, equation (17) can be written as
where we used the relation Q∂f ð0Þ =∂Q ¼ ¹ða þ 3Þf ð0Þ and equation (16), and y is defined by yðhÞ ¼
Note that the variable Q is separated in equation (21) and that ⌰ can be regarded as the function ⌰ðh; x; g i Þ. This is the result of the simple assumption of the power-law energy spectrum (6). Equation (21) can be written as
where we used F ¼ ¹W from the linear perturbation theory. This can be easily integrated as
where we used ð0Þ ¼ 0. We rewrite this solution by using the multipole expansion method. The formalism for the CMB anisotropies is useful (e.g., Hu & Sugiyama 1995b) . Since ⌰ðh; x; g i Þ follows the linear equation, we can expand it as a sum of modes labeled by ðk; lÞ,
where G l is a certain mode function. The explicit form is written in Appendix B. The solution for ⌰ l ðh 0 ; kÞ can be found from equation (24):
with Dh ¼ ¹K
where P m n ðxÞ is the Legendre function, and q is defined as q 2 ¼ k 2 =ð¹KÞ ¹ 1 with the eigen-value k 2 of scalar harmonics and the spatial curvature parameter
We can check that equations (26) and (27) satisfy the perturbation equations for the multipole moments derived in Appendix B.
In the limit of a flat universe, i.e. K → 0, the radial function X l q ðxÞ reduces to the spherical Bessel function, and equation (27) reduces to
where r c is the path of a photon, defined as r c ¼ h 0 ¹ h. As we are interested in the statistics of the angular fluctuations at the point of an observer x 0 ¼ xðh 0 Þ, we consider the two-point angular correlation function ⌰ðh 0 ; x 0 ; g i Þ⌰ðh 0 ; x 0 ; g i 0 Þ . Expanding the fluctuation ⌰ at the point x 0 by the spherical harmonics,
we can express the ensemble average of the two point angular correlation function as
where we defined C l ¼ a 2 lm , and cos v ¼ g i ·g i 0 . Here the angular power spectrum C l is given by (e.g., Hu & Sugiyama 1995b)
where
As we see in equations (32) with (27) or (29), the angular power spectrum C l consists of three terms, which are due to the source clustering d c , the bulk motion of the sources V c , and the gravitational potential fluctuations W. As we will see below, the term proportional to d c on the right-hand side in equations (27) and (29) are the dominant contributors to the fluctuations in the CXB (Lahav et al. 1997) . Note that the effect of the motion of an observer, i.e. Compton-Getting effect (hereafter C-G effect) is not taken into account in this solution. We integrate the above equation numerically. The results are described in the next section.
F L U C T UAT I O N S
In this section we present our results. We here consider three cosmological models, a standard CDM model (SCDM), a CDM model with a cosmological constant L (LCDM), and an open CDM model (OCDM). As for the initial density power spectrum, we use the Harrison-Zeldovich power spectrum for SCDM and LCDM with the COBE normalization (Bunn & White 1997) . In the OCDM model, we use the spectrum predicted in a simple open inflation model (Yamamoto & Bunn 1996; White & Silk 1996) . The spectrum is almost the same as the Harrison-Zel'dovich one at the scale of the large-scale structure, so that our choice of the spectrum does not essentially alter the results. In Appendix C a useful formula for the evolution of the CDM perturbation is summarized.
We have quite a lot of freedom in the parametrization of the X-ray background model. The parameters are classified into two kinds. One is the cosmological parameters and the other is the model parameters of the X-ray sources. We present how the results depend on the two kinds of parameters.
Dependence on the cosmological models
Before discussing the dependence on the cosmological parameters, we mention the physical contents of the fluctuations. Fig. 1 angular power spectrum C l due to the source clustering, bulk motion, and gravitational potential fluctuations. It is apparent that the source clustering term is the dominant contributor to the large-angle fluctuations. We have checked that the other terms due to the gravitational potential and the bulk motion become important only when z min > 0:1. We therefore take only the source clustering into account hereafter, focusing on the case z min Շ 0:1. Now let us discuss the dependence of the fluctuations on the cosmological parameters. Fig. 2 shows the dependence of the dipole anisotropy C 1=2 l¼1 on Q 0 . As we are not interested in the spectrum shape of the angular fluctuations here, we focus on the amplitude of C l¼1 . As expected, LCDM and OCDM agree with SCDM in the limit of Q 0 → 1. It is shown that the dipole anisotropy is not sensitive to the cosmological parameters except for the case of extremely low values of Q 0 (Lahav et al. 1997 ). As we see in Appendix D, this feature of the dipole anisotropy is attributed to the difference of the shape of the power spectrum. Thus Q 0 dependence can be changed by the normalization scheme of the matter power spectrum. The other point to note is that the amplitude of the fluctuations strongly depends on the source parameter z min .
Dependence on the X-ray source models
We have three parameters, z min , z max and p, as the X-ray source model. The evolution of the X-ray sources is governed by p and z max . From now on, we set the cosmological parameters ðQ 0 ¼ 1; h ¼ 0:5Þ for SCDM, ðQ 0 ¼ 0:3; Q L ¼ 0:7; h ¼ 0:7Þ for LCDM, and ðQ 0 ¼ 0:3; Q L ¼ 0; h ¼ 0:7Þ for OCDM. In Appendix D, we describe an analytic calculation for the angular power spectrum C l . The analytic calculation is limited only to the case of Q 0 ¼ 1. However, this is instructive to understand the behaviour of the angular power spectrum. Fig. 3 shows the dependence of C 1=2 l¼1 on the evolution parameter p. The dipole anisotropy drastically drops with p. The fluctuation is roughly determined by dividing the anisotropic X-ray flux DI n by the isotropic one I ð0Þ n . As shown in Appendix D, the dependence on p comes from the isotropic component I Fig. 4 shows the dependence of the dipole anisotropy on z max . The amplitude of the fluctuation also decreases with z max . The reason is the same as for p, but the dependence on z max is weaker than that on p. These features are common to the higher multipoles (Lahav et al. 1997 ). Finally, we focus on z min which was fixed at zero in the paper by Lahav et al. (1997) . If the nearby bright X-ray sources were removed from the observational data, it would not necessarily be fixed at z min ¼ 0. Fig. 5 shows the dependence of the dipole anisotropy on z min . It is apparent that the dipole amplitude is sensitive to this parameter, especially for z min Շ 0:1. The amplitude of the dipole moment rapidly drops with z min for z min Շ 0:1. In contrast, it becomes almost constant for z min տ 0:1. This strong dependence on z min is related to the shape of the matter power spectrum PðkÞ as discussed in Appendix D. The choice of z min changes the shape of the angular power spectrum of the fluctuations (see Fig. 1 ). This means that the sources distributed relatively close to our Galaxy are the dominant contributors to the fluctuations in the CXB for the low multipoles. The peak of the matter power spectrum is located at l ϳ 100 h ¹1 Mpc, which corresponds to z ϳ 0:03. The shape of the matter power spectrum is the reason why the sources at the low redshift z Շ 0:1 are the dominant contributors to the large-angle fluctuations in the CXB.
S U M M A R Y A N D D I S C U S S I O N
In this paper, we have investigated the large-angle fluctuations in the CXB due to the X-ray source clustering. We have developed the formalism to describe the CXB fluctuations using the Boltzmann equation under a simple model of the X-ray sources. Our formalism is a simple extension of that by Lahav et al. (1997) to be applicable to an universe with hyperbolic geometry. The dependence of the fluctuations on the model parameters has been examined in various cosmological models. The fluctuation does not strongly depend on the cosmological parameters. It is quite sensitive to the parameters for the X-ray sources (Lahav et al. 1997 ). The fluctuation is determined by the ratio of anisotropic X-ray flux to the isotropic one, i.e., C l p ϳ DI n =I ð0Þ n . DI n is essentially determined by the nearby sources at low redshift for low multipole moments, while I ð0Þ is determined by the high-z sources. The large-redshift evolution of the X-ray emissivity (e.g., p ¼ 3, and z max is large) makes the flux from the far sources large and, as a result, the amplitude of fluctuation becomes small.
We have also pointed out the importance of the source distribution parameter z min . The low multipole anisotropies are sensitive to it. This parameter is closely related to the reconstruction of the X-ray map by removing nearby bright sources. The dipole moment with z min ¼ 0:1 is smaller by an order of magnitude compared with the case z min ¼ 0. If the sources sufficiently close to the our Galaxy z ϳ 0:1 are removed, it may be expected that the effect of the peculiar motion of the observer [Compton-Getting (C-G) effect] is dominant in the CXB dipole. Let us roughly compare the effects which contribute to the dipole anisotropies except for the source clustering effect. The observer's peculiar motion relative to the CMB was measured by using the COBE four-year data (Lineweaver et al. 1996) , which gave the peculiar velocity V obs ¼ 368:9 Ϯ 2:5 km s ¹1 in the direction (l ¼ 264 • ; b ¼ 48 • ). Assuming we have a similar motion relative to the CXB, the expected C-G dipole is estimated as C CG l¼1 q Ӎ 5:0 × 10 ¹3 . On the other hand, it is well known that the shot noise fluctuation arises from the discreteness of the sources. Since this fluctuation is originated from the Poisson fluctuation of the discrete sources, the spectrum is white noise. The shot noise fluctuations in the CXB have been investigated by Lahav et al. (1997) . Following their result, the amplitude of the fluctuation is estimated as
where f m is a flux cut-off of bright removed sources in units of ergs ¹1 cm ¹2 . If the flux cut-off level becomes lower, the amplitude of shot noise decreases. Thus the shot noise fluctuation depends on the flux cut-off in observational data and is important when comparing a theoretical model with the observed X-ray map (Treyer et al. 1998 ). The flux cut-off was Ӎ3 × 10 ¹11 ergs ¹1 cm ¹2 in HEAO-1, and the amplitude of shot noise is estimated as C SN l¼1 q Ӎ 2:8 × 10 ¹3 . Note also that the cut-off level is relevant to the parameter z min in the sense of bright source removability. The dipole owing to the source clustering is shown in Fig. 5 (p ¼ 3; z max ¼ 3) . In the case of z min ¼ 0, the dipole anisotropy due to the clustering effect is comparable to the C-G effect. However, if z min is Oð0:1Þ, the C-G dipole becomes well above the dipole due to the source clustering. If the flux cut-off becomes lower by the improvement of observation, the shot noise and the clustering effect could be sufficiently smaller than the C-G effect to yield a good chance of measuring the C-G dipole in the CXB. This investigation also suggests that careful treatment is required when comparing the observational map with the theoretical prediction. When the redshifts of the sources cannot be determined, the subtraction of nearby X-ray sources from the observed map may contain a delicate problem because the nearby faint sources may contribute to the fluctuations sensitively. These problems are left as future problems.
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with the source term S. Here we defined the energy in the locally orthonormal frame as q ¼ q i , thus ðq; q i Þ forms the 4-momentum of the photon in this frame. Since the Boltzmann equation is written in terms of the momentum q measured by an observer in the cosmological rest frame, we must rewrite the terms dx i =dt and dq=dt in terms of x i and q in order to solve this equation. These relations are given from the geodesic equation of a photon. However, the geodesic equation is commonly written in terms of the 4-momentum p m in the frame (1), where p m is defined by p m ¼ dx m =dl with the affine parameter l. The 4-momentum ðq; q i Þ in the rest frame is related to the 4-momentum p m , as follows:
The spatial vector g i is defined as g i ¼ q i =q and g i satisfies g ij g i g j ¼ 1. Equations (A2) and (A3) give the following relations, up to the first order of W and F:
Meanwhile the geodesic equation in the first order of the perturbation is dp 0
Inserting this into (A5), we have
Thus we can write down the left-hand side of the Boltzmann equation (A1) using equations (A4) and (A7). If we employ the conformal time defined by adh ¼ dt instead of the proper time, it becomes
A P P E N D I X B : M AT H E M AT I C A L F O R M U L A E I N A N O P E N U N I V E R S E
In this appendix, we summarize the mathematical formulae which are needed in Section 3. The results of this section are based on previous work (e.g., Gouda, Sugiyama & Sasaki 1991; Hu & Sugiyama 1995b; Wilson 1983) . We first consider the scalar harmonics Q k ðxÞ in a hyperbolic universe. It follows Q k ji ji ¼ ¹k 2 Q k , where ji denotes the covariant derivative in hyperbolic space with the line element
where K ¼ ¹H 2 0 ð1 ¹ Q 0 ¹ Q L Þ is the spatial curvature parameter and dQ 2 ð2Þ is the line element on an unit sphere. Since we assumed that the emitted photons do not scatter, the trajectory of the photon is the free streaming. Therefore, as the photon geodesics are radial, we may use the radial scalar harmonics to describe the free-streaming behavior. It can be expressed as Q k ¼ X l q ðxÞY lm ðQÞ using the radial function X l q in equation (28) and the spherical harmonics Y lm .
The function G l for the multipole decomposition in equation (25) is defined as G l ðx; g i Þ ¼ ð¹kÞ ¹l Q kji 1 ...i l ðx; kÞP i 1 ...i l ðlÞ ðx; g i Þ;
and P ð0Þ ¼ 1; 
; where the parentheses denote symmetrization about the indices. For the special case of a flat universe, it reduces to G l ¼ ð¹iÞ l expðix·kÞP l ðk i ·g i Þ, where P l ðxÞ is the Legendre polynomial and k i ¼ k i =k.
